Air density on Mars is much lower than that on Earth. To generate sufficient lifting force to fly, Mars-airplanes need to have a larger wing area than Earth-airplanes. The recently developed Mars-airplanes have multibody wings that can be folded and deployed to realize larger wing area and compactness. Aeroelastic analyses of the wings are necessary to avoid catastrophic behaviors, such as flutter or divergence. However, conventional aeroelastic analysis methods cannot be applied to the multibody wing because these wings have mechanical joints for connecting wing bodies, and thus, they differ significantly from conventional wings. In this paper, a new analysis method that can be applied to the multibody wing is explained. The method combines aerodynamics, multibody dynamics theory, and absolute nodal coordinate formulation. By using this method, we simulate the aeroelastic motion of multibody wings. We investigate the changes in aeroelastic motion when we change the number of the wing bodies and the structural parameters.
Introduction
Aeroelasticity plays an important role in designing of wings. In general, the deformation of wings caused by a small disturbance can be reduced by structural and aerodynamic damping. However, under the condition of low stiffness and high air speed, the deformation becomes very large and catastrophic due to aerodynamic load. To prevent such aeroelastic behavior, a wing needs to have high stiffness. On the other hand, a structure with high stiffness is heavy, resulting in increasing the fuel consumption. Therefore, aeroelastic analyses of wings are necessary to pursue the optimal design.
In recent times, airplanes intended for Mars-exploration have been developed. 1, 2) The air density on Mars is much lower than that on Earth. To generate lifting force sufficient for flying in Martian atmosphere, Mars airplanes need to have a large wing area. However, a launcher has a limited space to carry an airplane. Therefore, the wing will have to be folded before the airplane is stored in the payload fairing. The airplane deploys the wing under the flight condition on Mars. A simple image of the multibody wing is shown in Fig. 1 . Aeroelastic analysis is necessary for the multibody wing. However, conventional deformation analysis methods cannot be used for multibody wings because they differ significantly from conventional wings such that multibody wings are deployed using a mechanical joint. This mechanical joint causes two problems that cannot be handled by conventional analysis methods. First, the mechanical joint is a time-variant constraint, namely, a kinematic constraint. To handle this constraint, the equation of motion has to be solved considering the conditions imposed by the kinematic constraints in time-domain. Second, in addition to deformation, large rigid body rotation occurs around the mechanical joint. Both these effects must be described accurately. In addition, because of the presence of the joint, the stiffness of the multibody wing differs from that of the conventional wing with no joint even when these wings have the same dimensions as conventional wings in the deployed state.
The first problem can be solved by the multibody dynamics (MBD) theory. The MBD theory can be used to simulate the dynamic motion of multibody systems connected by mechanical joints, such as vehicles, satellites, and robots. Even systems with many bodies and complex constraints can be simulated. Researchers have worked on the rigid MBD theory since the 1960s. Since the 1990s, the theory was applied for flexible bodies. Finite element modeling is used in flexible MBD. Absolute nodal coordinate formulation (ANCF) is one of the finite modeling methods to solve the second problem. The ANCF developed by Shabana 3, 4) in 1997 describes deformation and rigid body motion accurately.
By using the rigid MBD theory, Fujita et al. 2) investigated the aerodynamic characteristics of a multibody airplane when its wing is being deployed. In their research, the airplane was assumed to be rigid. Du et al. 5) applied flexible MBD to a subsonic aeroelastic analysis of a helicopter blade. They used the aerodynamic force obtained from the two-dimensional quasi-steady thin airfoil theory 6) and floating frame reference formulation (FFRF). 3, 4) FFRF had been in use for flexible MBD quite earlier than the ANCF had been. Dibold et al. 7) compared FFRF and ANCF. They concluded that the ANCF had a better calculation time than the FFRF. Du et al. 8) performed further research by linearizing the equations of motion to perform a frequency-domain analysis for obtaining flutter speed and mode. Most of the classical aeroelastic analysis methods are frequency-domain methods. 6) Abbas et al. 9) combined aerodynamics and ANCF to conduct a supersonic panel flutter analysis in the frequency domain. The aerodynamic force was determined from the piston theory 6) . Aeroelastic frequency-domain analyses have been considered powerful tools since Theodorsen 10) defined the unsteady aerodynamic force in the 1930s. In general, frequency-domain analyses can be applied to aeroelastic linear equations. On the other hand, time-domain analyses have gained attention because aeroelastic nonlinear equations are needed to describe complex structure-fluid interaction. Farhat et al. 11) conducted time-domain flutter analyses of AGARD Wing 445.6 that was a conventional wing with no joint. To improve the accuracy of aerodynamic forces, Cavagna et al. 12) coupled flexible MBD and computational fluid dynamics (CFD) to analyze free flight motion in the time domain. To perform a time-domain flight simulation of a flexible multibody wing vehicle, Reich et al. 13) integrated commercial tools for analyzing aerodynamics and multibody dynamics. The research emphasized the necessity of time-domain analyses in addition to frequency-domain analyses. Static and dynamic stabilities depend on the time-variant state.
In this paper, we explain our method to simulate the aeroelastic motion of a multibody wing. The method combines aerodynamics, flexible MBD, and ANCF considering the torsional angle. As described above, only two of the three methodologies, namely, aerodynamics and ANCF are combined in past research. 9) Therefore, our method is a novel combination. We perform the time-domain aeroelastic simulation of a flexible multibody wing by this method. We demonstrate that our method resolves the two problems specific to multibody wings-kinematic constraint and large rigid body motion. When the wing has more wing bodies, better compactness can be achieved in the folded state. We report the changes in the aeroelastic motion when the wing has a different number of wing bodies and structural parameters. 
Simulation Method
To conduct an aeroelastic analysis, it is necessary to perform structural and aerodynamic modeling. Wing bodies are considered as rectangular flat plates in this research (Fig.  1) . The root of body 1 is fixed at the fuselage. The other end of body 1 and the root of body 2 are connected by a hinge. A spring is set around the hinge joint to fix the rigid body rotation of the bodies. The other end of body 2 and the root of body 3 are connected by the same hinge joint. Even when the number of the bodies increases, the bodies are connected in the same manner. Here, we consider the deployment system as a spring with a hinge. We assume that the deployment system is sufficiently lightweight so that the weight can be neglected.
Structural Modeling
We model wing bodies as beam components at their elastic axis. ANCF, which is a nonlinear finite element method, describes their deformation and large rigid body rotation accurately. We utilize ANCF for modeling the structure. It has important advantages. In the formulation, deformation and rigid body motion can be described simultaneously. The rigid body motion of a finite element does not produce strain, which means that the deformation and the rigid body motion are clearly separated. In order to consider aerodynamic forces, we add torsional deformation to the conventional ANCF that accounts for only bending and axial deformations. Here, torsional deformation has the same meaning as the angle of attack.
In this research, we express the wing motion as the bending of the elastic axis and torsion around the elastic axis. We assume that the bending and torsional motions do not interact with each other in the absence of an external force. Figure 2 gives a three-dimensional (3D) view of the finite elements. Lift L acts on an arbitrary point P on the elastic axis. Pitching moment M acts around the elastic axis. L and M vary along the elastic axis in the finite element. Figure 3 provides a two-dimensional (2D) view of a finite element in the XY plane. The finite element has nodes A and B, and O-XY is a global coordinate system. ANCF is based on the concept that the motion of an arbitrary P on the finite element can be described using the values r1 and r2 that represent the X-and Y-coordinates. In addition, a torsional angle  is considered. The angle is against a free stream that comes from the negative direction of the Z-axis. The multibody wing motion is expressed as follows:
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Each finite element has a local coordinate o-xy. The origin is at node A. The x-axis passes through node B.
4)
Each node has five degrees of freedom. A generalized nodal coordinate vector e is defined as shown below. 
The superscripts "A" and "B" represent the values at nodes A and B, respectively. Further, r1 and r2 at the arbitrary point P in Fig. 3 are approximated by using third-order polynomial functions of x. The torsional angle  is approximated by using a first-order polynomial function of x. Equation (1) can be rewritten by a shape function matrix S and the generalized nodal coordinate vector e as follows:
where S is a 3 10  matrix. Their elements Sm,n are listed below. 
,
l represents the length of the undeformed element. The other elements Sm,n are zero. To derive the equation of motion, we utilize the Lagrange equation.
The inertial, elastic, and external force terms in the equation of motion are calculated by substituting the kinetic energy T, potential energy  , and work done by external forces into Eq. (5). The energies and the work of a finite element are calculated by integrating the energy of the cross section shown in Figs. 2 and 3 over the span of the finite element l. We assume that the cross section maintains its original shape and that the center of gravity (CG) and the elastic center (EC) retain their positions. In the following text, we explain how to calculate the kinetic energy, potential energy, and work done by the external forces.
First, the kinetic energy of a finite element can be written as follows: 
The 10 10  mass matrix M is constant, and its bending-torsion coupling terms are zero. Thus, the inertial force obtained from the kinetic energy is linear.
Second, the elastic force vector Qk is obtained by using the second term in the left hand side of Eq. (5). We consider axial, bending, and torsional deformations. The total potential energy of the beam element is written as the sum of the elastic energy attributed to each deformation. Thus, the elastic force vector can be obtained as shown below.
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where e is a generalized coordinate vector with respect to bending and torsion:
[ ] , e e e e e e e e  e (10) i and j are unit vectors of the local coordinate in the x-and y-directions, respectively:
Amn and Bmn are time-invariant matrices. Cn is a time-invariant vector. They consist of the m-th row and n-th column of the shape function matrix S:
Third, the work done by external forces is considered. The external forces are the lift that works on the elastic axis, the pitching moment that acts around the elastic axis, and the torque generated by the spring around the joint. Here, X q and Y q are the distributed external forces per unit length of the beam in the X-and Y-directions, and q  is the distributed external torsional torque that acts around the elastic axis per unit length of the beam. A generalized force vector about X q , Y q , and q  is obtained as follows:
In addition, the other generalized force vectors attributed to q  that act on nodes to connect wing bodies are written as shown below. (15) is derived from past research done by Shabana.
The total generalized external force vector can now be written as follows:
By combining Eqs. (5), (6), (8) , and (16), the equation of motion is obtained for every finite element. By superposing the equations of motion of all finite elements, the following relation is obtained as
where the subscript "body_n" represents that the vector and matrix of the body n (=1,2,3…). Equation (17) is an equation of motion describing each wing body's motion. The above-described procedure is applied to each wing body separately.
Aerodynamic modeling
The strip theory is used to calculate the aerodynamic forces that act on a finite element. In this theory, the aerodynamic forces are calculated by integrating the forces that act on each wing cross section with a span dx over an element length l. In our research, the aerodynamic forces on the cross section are calculated by using a two-dimensional quasi-steady aerodynamic force derived from the oscillating thin airfoil theory. Figure 4 shows a thin airfoil subjected to a free stream that forms the potential flow. The airfoil is assumed to maintain its original shape. The Z-axis is relative to the free stream. In our method, origin O can be set at an arbitrary chord point. In this study, we place origin O at the 50% chord point in accordance with the oscillating thin airfoil theory. 10) The motion of the airfoil can be represented by two degrees of freedom, namely, a heaving motion h and an angle of attack  around the EC. Here,  is assumed to be infinitesimal. With respect to the two degrees of freedom, the airfoil oscillates harmonically. Theodorsen 10) defined unsteady aerodynamic forces that act on the harmonically oscillating thin airfoil. These forces include the Theodorsen function C(k) that depends on a reduced frequency.
The unsteady aerodynamic force cannot be used for time-domain analyses because C(k) is a complex number. However, when the reduced frequency k is very low, we can use the following approximation 14, 15) :
By using Eq. (19), Theodorsen's unsteady aerodynamic lift and pitching moment are transformed into
where
Equation (20) represents a quasi-steady aerodynamic force. It enables time-domain analyses because it does not include a complex number. To apply the quasi-aerodynamic force in Eq. (20) to our ANCF, we relate the airfoil in Fig. 4 to the cross section in Fig. 3 ; that is, h and  in Fig. 4 are related to r1, r2, and  in Fig. 3 . Now, h and  vary along the elastic axis in a finite element. We assume that the angle of attack  in aerodynamic modeling is equal to the torsional angle  , which means that the angle of incidence is zero. This assumption is used in fundamental aeroelastic analysis.
6) Figure 5 shows this relationship. We consider a tangential line at an arbitrary point P on a beam element. The tangential line is relative to the X-axis at a bending angle  . We consider velocity h  as equal to the vertical velocity component of point P to the tangential line. Based on the trigonometry shown in Fig. 5 , h  can be written as 2 1 cos sin . h r r
We assume that the bending angular velocity   is negligibly small and that  is independent of time t. Then, we obtain 
The relationship between the variables can be represented in the form of a matrix as 
In addition, X q , Y q , and q  in Fig. 3 are related to L and M in Fig. 4 . We consider the lift L to be normal to the tangential line. Now, q  and M are equal. The relationship between the quasi-steady aerodynamic forces and the external forces in our ANCF is as follows: 
Flexible multibody dynamics
In the MBD theory, each body's equation of motion (17) The wing root of body 1 is fixed. Thus, the constraint conditions at the wing root of body 1 are 
where the subscripts "e" and time "t" represent the differential by themselves, and λ is a vector composed of Lagrange's undetermined multipliers. This expression of the DAE is widely used in multibody dynamics.
4)
The DAE in Eq. (31) is solved in time-domain by using the 4th-order Runge-Kutta method.
Aeroelastic Simulation
We simulate the aeroelastic motion of the multibody wing by using the proposed method. We investigate the effect of the number of wing bodies and structural parameters on aeroelastic motion. The parameters are spring stiffness and torsional stiffness GK. In the first sub-section here, we describe the changes in aeroelastic motions when the number of the wing bodies is changed. In the second sub-section, the parametric studies are presented. We compare a normal wing with no joint and a multibody wing.
Aeroelastic motions with different number of wing bodies
The analysis objects are three wings. The wings have one, two, and three wing bodies; in other words, they have zero, one, and two joints, respectively. All the analysis objects have the same span in their deployed state. The wing bodies are connected by spring hinge joints. Table 1 lists the conditions of the simulation. The initial position of the elastic axis is along the X -axis. The initial torsion is set to zero. We input the 1st bending modal velocity of the wing with no joint as the initial velocity. High vibrational modes are reduced by the use of the initial velocity, and it is easy to evaluate wing motion. However, different modes show up when the effect of the aeroelastic behavior or the rigid body rotation is large. The modal velocity is calculated by an eigenvalue problem using a linear finite element method. The 1st bending mode has a natural frequency of 4.5 Hz and a natural period of 1.4 s. Figure 6 shows the elastic axis motion of the wing with no joints in the XY plane when the air speed is 150 m/s. The elastic axis is plotted from 0 s to 3 s in time steps of 0.5 s. Figure 7 shows the elastic axis motion of the multibody wing with one joint. Lines of different colors represent the different number of wing bodies. This elastic axis motion demonstrates that our method can deal with the kinematic constraints because the MBD theory is used to solve the equation of motion and the constraint conditions simultaneously in the time domain. A large rigid body rotation of body 2 around the joint is observed in Fig. 7 . This observation is enabled by the use of ANCF. Figure 8 shows the elastic axis motion of the multibody wing with two joints. As shown by this figure and the previous simulations, our method can simulate the dynamic motion considering aeroelastic motion regardless of the number of wing bodies because the MBD theory is adopted in the method. Figures 9 and 10 show the time histories of the wingtip displacement r2 and torsion  , respectively. According to our formulation, there is no interaction between the bending and torsional motions in the absence of an external force.
Regardless of the initial zero torsion, however, torsional motion occurs as seen in Fig. 10 . This is because the aerodynamic force causes aeroelastic bending-torsion coupling. This coupling is a factor affecting catastrophic behavior such as flutter or divergence.
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Therefore, it is important to be able to describe the coupling. The displacement and torsion increase, which means that flutter occurs when the airspeed is 150 m/s. The aeroelastic coupling occurs even when we input torsion instead of bending. Figures 11 and 12 show the time histories of the wingtip displacement r2 and torsion  when we input the 1st bending modal velocity of the wing with no joint as the initial velocity. Figures 11 and 12 , as well as 9 and 10 demonstrate the aeroelastic bending-torsion coupling. Regardless of the initial zero bending, bending motion occurs as seen in Fig. 11 . Simulation results with lower air speed 100 m/s are shown. Figures 13 and 14 show the time histories of the wingtip displacement r2 and torsion  , respectively. The amplitude decreases because the aerodynamic force works as damping. Flutter does not occur when the air speed is 100 m/s. The displacement of the normal wing with zero joints in Fig. 13 shows a periodic vibration of period almost 1.4 s. This period is the same as the natural period of the 1st bending mode that we input. The amplitude of displacement r2 increases as the number of the joints increases in Fig. 13 . This is because the multibody wing undergoes rigid body rotation in addition to elastic deformation. The vibration period increases as the number of the joints increases, as shown in Figs. 13 and 14 . This indicates that the multibody wing has lower vibration frequency and stiffness than the normal wing with no joint. In other words, attaching a mechanical joint reduces the total stiffness of a wing. 
Parametric Study
In this sub-section, parametric studies are described. The parameters considered are spring stiffness and torsional stiffness GK. We present the difference between a normal wing with no joint and a multibody wing with one joint when the parameters are changed. To compare the aeroelastic motions with different parameters, the time average of the wingtip motions, namely, root mean square (RMS) is taken into consideration. The definition of the RMS is as follows:
xi is a sampling point of the wingtip displacement r2 or  . N is the number of sampling points. In this study, N = 1000. is always greater than that of the zero-joint wing because the joint causes rigid body rotation around itself. The RMS displacement of the one-joint wing approaches to that of the zero-joint wing as the spring stiffness increases. This results show that our method expresses a reasonable tendency. A high value of spring stiffness suppresses the rigid body motion around the hinge joint. As a result, multibody wings with a high spring stiffness closely resemble the normal wing with no joint. In Fig. 16 , the RMS torsion of the one-joint wing also approaches to that of the zero-joint wing as the spring stiffness increases. Fig. 15 . Results of the parametric study on spring stiffness (RMS displacement). 
Torsional Stiffness
As a standard condition in the parametric study on torsional stiffness, we choose a simulation condition that causes flutter, as seen in Figs. 9 to 12. Under the standard simulation condition, the spring stiffness is set to 10 Nm/rad, and the bending and torsional stiffness values are those corresponding to a dense rectangular cross section. We change the torsional stiffness from the standard value. The 1st bending modal velocity is input in order to cause wing motion. Figures 17 and  18 show the results of the parametric study on torsional stiffness. The RMS displacement of both wings slightly increases as the torsional stiffness increases from 120% to 200% in Fig. 17. In addition, Fig. 18 shows that the RMS torsion of both wings becomes close to zero when the torsional stiffness increases. This is because the aeroelastic bending-torsion coupling effect becomes small with the increase in torsional stiffness. The RMS torsion of both wings is almost identical when the torsional stiffness is more than 120%, implying that the aeroelastic bending-torsional coupling effect in the case of the zero-joint and one-joint wings is almost identical. The torsional stiffness is not low enough to increase the bending and torsional elastic deformation, as shown in Figs. 9 to 12 . On the other hand, Fig.  17 shows that the RMS displacement of both wings drastically increases as the torsional stiffness decreases from 120% to 100%. This is because the aeroelastic bending-torsion coupling effect becomes large with the decrease in torsional stiffness. The displacement of the one-joint wing is greater than that of the zero-joint because the one-joint wing under goes the rigid body rotation around the joint. The large motion results in a large aerodynamic force, which in turn resulted in large motion. Thus, the multibody wing is affected more easily than the normal wing by the decrease in the torsional stiffness. The RMS torsion of both wings in Fig. 18 , as well as the RMS displacement in Fig. 17 drastically increases as the torsional stiffness decreases from 120% to 100%. The increase in the torsion of the one-joint wing is greater than that of the zero-joint wing because the aeroelastic bending-torsion coupling effect of the one-joint wing is larger than that of the zero-joint wing. Therefore, to prevent large aeroelastic motion, the torsional stiffness of the multibody wing must be higher than that of the normal wing with no joint. 
Conclusion
We presented a new method to simulate the aeroelastic dynamic motion of multibody wings. The method combines aerodynamics, flexible MBD, and ANCF considering torsion. We have shown that the method has four important advantages. First, the simulation can be performed regardless of the number of wing bodies. Second, kinematic constraints can be handled. Third, rigid body motion and elastic deformation can be described simultaneously. Fourth, the method can express the aeroelastic bending-torsion coupling that may lead to large motions such as flutter.
As the spring stiffness increased, the aeroelastic motion of the multibody wing became close to that of a normal wing with no joint. The multibody wing was affected more easily by the decrease in the torsional stiffness. To prevent large aeroelastic motion of the multibody wing, the structural stiffness must be higher than that of a normal wing with no joint.
As our future work, we will improve the formulation of the structure and aerodynamics by using a plate ANCF, a panel method, CFD, and so on. In addition, we will simulate the deployment and folding motion of wings by considering aeroelasticity. 
